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The well-known Farkas theorem [1,2,6] of the alternative for nonnegative solutions of non- 
homogenous equations, in which we have a necessary and sufficient condition for a vector to 
be expressed as a “nonnegative linear combination” of a set of vectors, will be extended to 
the case where a given vector is expressible as “convex combination” of a set of vectors. 
To this end we have 
THEOREM. For an (m x n) matrix A and a vector Mm, either 
(I) AX = b, X 2 0, 1’X = 1 has a solution XcZP or 
(II) A’Y + ly 2 0, b’y 2 0, y 2 0 has a solution y&, Y&P 
but never both. 
PROOF: System I is equivalent to 
171 > 0, 772 > 0, x 10, br)l - AX = 0, 112 - 1’X = 0 
Or i 0’ 0 10 1 I[ 772 x 81 1 > 0, [I”, 0, 0 1: [ 772 ] 20, [If 1 p] [i] =o (I’) 
has a solution ~1, t7&R and X&R”. By hiotzkin’s theorem [3,4,5], either I’ has a solution or 
(II’) 
Yi 1 0, Y2 1 0, Ys unrestricted 
has a solution Y1esJz2, Y&l?’ and Y~cR”+~, but never both. 
For Yr’ = (yri, ~21) and Yi = (Y’,y), where Yc?Rm, (II’) becomes 
Y2 - A’Y - ly = 0 
y11 + b’Y = 0 (II”) 
y21+y=o 
Since Yi > 0 (i.e., Yl 1 0 and Yl # 0), it follows that y = -yzl 5 0, b’Y = -yll 6 0, and 
A’Y + ly = Y2 2 0. Hence (II”) is equivalent to (II) and the proof is complete. 
90 M.J. PANIK 
Note in system (II) that: 
(a) if y < 0, then 
A’Y ,r -1y > 0, b’Y 5 0; 
(b) if y = 0, then 
A’Y 1 0, b’Y < 0. 
Clearly this latter set of homogenous linear inequalities constitutes a system (II) for Farkas’ 
theorem proper in the absence of the system (I) restruction 1’X = 1. 
Geometrically, the above theorem asserts that: either (a) b lies within the convex polyhe- 
dron generated by A (i.e., the convex hull of the vectors in A); or (b) there exists a vector 
Y that lies within the intersection of the polytope formed from A’Y 2 -1y and the closed 
half -space b’Y s 0. 
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